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Abstract: So far, the observed effects of dark matter are compatible with it having purely
gravitational interactions. However, in many models, dark matter has additional interac-
tions with itself, with the Standard Model, and/or with additional hidden sector states.
In this paper, we discuss models in which dark matter interacts through a light vector
mediator, giving rise to a long-ranged force between dark matter particles. Coherent scat-
tering effects through this force can lead to the exponential growth of small perturbations,
in analogy to electromagnetic plasma instabilities. These instabilities can be significant at
couplings many orders of magnitude below those for which the usual particle-by-particle
constraints on dark matter self-interactions apply. While this possibility has been noted in
the literature, we provide the first systematic study of such instabilities, including the case
where the mediator has finite mass. The latter is relevant for models of kinetically mixed
‘dark photon’ mediators, which represent an important target for proposed dark matter
detection experiments. Our analyses are of the growth of small perturbations, so do not
immediately provide observational constraints on dark matter models — however, they do
motivate further study of large regions of parameter space.
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1 Introduction
There is overwhelming evidence that most of the universe’s matter density consists of states
other than Standard Model (SM) particles. All of the evidence for this ‘dark matter’ (DM)
comes from its gravitational effects on astrophysical objects, and current observations are
compatible with gravity being the only way in which DM interacts, either with itself or
with the SM. Nevertheless, in many models of theoretical and experimental interest, DM
must have additional interactions. Examples include WIMP DM, whose interactions with
the SM radiation bath are responsible for its cosmological abundance, and the QCD axion,
which has a self-interaction potential arising from its coupling to QCD. In all of these cases,
DM interactions must be weak enough that its behaviour looks effectively non-collisional,
on the galactic scales that we have observational data for.
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In this paper, we will focus mainly on DM self-interactions. For models such as WIMP
DM, the DM number density is low (the occupation number of particle modes in halos
is  1), and the interactions between DM particles are short-ranged compared to the
interparticle distance. Consequently, scattering is dominated by two-particle events. The
standard DM self-interaction bounds from systems such as the Bullet Cluster [1] are based
on this scenario. For DM masses in the GeV range, these constrain the interaction cross-
section at around the barn level [2], comparable to SM nuclear cross-sections. The usual
WIMP dark matter candidates, which have significantly heavier masses and weak-scale
interactions, are safe from such constraints.
In other models, DM self-interactions can be long-ranged. For the simplest examples,
DM particles interact with a light mediator, whose mass is small compared to the inverse
spacing between DM particles.1 Quantitatively,
nDM =
ρDM
mDM
' (4× 10−4 eV)3 MeV
mDM
ρDM
10 GeV cm−3
(1.1)
' (0.5 mm)−3 MeV
mDM
ρDM
10 GeV cm−3
(1.2)
where 10 GeV cm−3 corresponds to the highest DM halo density for which we have good
evidence (unless otherwise noted, we use natural units with ~ = c = 1). If the mass m
of the mediating particle satisfies m  n1/3DM, then coherent interactions between multiple
DM particles can take place. These ‘many-many’ interactions are coherently enhanced,
and can have much larger rates than standard 2→ 2 scatterings. Of course, they are also
softer (transferring less energy and momentum), and their behaviour may be much more
complicated.
There are various theoretical motivations for long-range hidden sector mediators. Ex-
amples include hidden sector counterparts of the photon (e.g. in scenarios such as Twin
Higgs models [4, 5]), light scalars [6–10], or other forms of ‘modified gravity’ (e.g. [11]).
Such models are also important as an experimental target for low-threshold direct detection
experiments, as we discuss in Section 5.
The effects of coherent, many-many scattering processes will depend on the form of
the DM-mediator interaction. For a spin-0 mediator φ, the simplest kinds of interactions
(e.g. φχ¯χ, for a DM fermion χ) will be universally attractive or repulsive, depending on the
sign of the coupling. This is basically the scenario of ‘modified gravity’ in the DM sector,
a number of models for which have been explored in the literature (e.g. [6–10]).
For a spin-1 mediator Aµ, the simplest forms of interactions, e.g. Aµχ¯γ
µχ, are analo-
gous to electromagnetism.2 If the cosmological DM abundance is net neutral, with equal
numbers of positive and negative charges, then (in the absence of large-scale charge sepa-
ration) there will not be coherent forces between bulk matter, unlike in ‘modified gravity’
scenarios. In cosmological terms, inflation naturally sets any charge asymmetry to zero,
1This is in contrast to the ‘long-range’ mediators that are used to implement velocity-dependent DM
scattering (e.g. [3]) — in that case, we only need the mediator mass to be . q, where q is the typical
momentum transfer in a 2→ 2 collision. For example, in a typical galactic halo, q ∼ 10−3mDM.
2Higher-dimensional couplings, or couplings to a non-conserved current, result in a non-renormalisable
theory that must be completed above some energy scale.
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and any processes regenerating it later must break the associated U(1). However, even for
DM that is bulk neutral, there can still be significant ‘plasma effects’, driven by coherent
many-many scatterings. Analogous coherent EM effects are extremely important in SM
astrophysics, driving processes such as shocks, jets and other collective phenomena [12].
This paper will investigate scenarios in which DM interacts through a light vector medi-
ator. As we will see, coherent effects can be important even with very small DM-mediator
couplings; in some cases, many orders of magnitude smaller than those constrained by
2→ 2 scattering processes. This raises the possibility of much stronger constraints on such
DM models, or equivalently, observational signatures at much weaker couplings. While the
possibility of these effects has been noted in the literature [13], we provide a systematic
analysis. In addition to considering massless vectors, we also consider mediators with a
small but finite mass, as well as those with couplings to SM matter as well as to DM.
These more complicated models are important phenomenological targets, in particular for
proposed experiments aiming to detect light DM candidates.
1.1 Parametrics of plasma instabilities
Despite the simple underlying physics, plasma dynamics — the behaviour of charged mat-
ter interacting via a light vector mediator — is an immensely complicated subject. The
great variety of different behaviours of SM matter in astrophysical systems, much of which
is driven by the combination of EM and gravity, illustrates this richness [12]. Accordingly,
this paper will not attempt to categorise all of the different kinds of behaviour that could
occur in the presence of long-range DM interactions. Instead, we will focus on identifying
the smallest couplings for which coherent effects would be important in astrophysical set-
tings. This should help guide future investigations of such models, and identify regions of
parameter space where we might expect deviations from collisionless behaviour.
In many circumstances, the first effects to become important, as we increase the cou-
pling from zero, are exponentially-growing instabilities. For a non-relativistic plasma, the
fastest-growing of these instabilities are ‘electrostatic’ ones, in which small charge sepa-
ration perturbations grow, by extracting kinetic energy from a non-Maxwellian velocity
distribution [14]. The simplest case is a ‘two-stream’ instability, in which two uniform
‘streams’ of plasma pass through each other at high velocity (relative to their individ-
ual velocity dispersions). Perturbations, in the form of longitudinal charge-density waves,
are exponentially amplified, with growth rate ∼ ωp, where ω2p = q2n/mq is the ‘plasma
frequency’, q the charge of individual particles, mq their mass, and n their number den-
sity [15].
Taking our ‘plasma’ to be composed of dark matter particles, interacting through a
hidden-sector vector mediator, this two-stream scenario approximates a collision between
the DM halos of two galaxy clusters, such as the Bullet Cluster [1, 16]. In that system,
the central densities of the colliding clusters’ DM halos are modelled to be & 0.1 GeV cm−3
(see Section 3). This DM density gives a plasma frequency of
ωp =
√
g2ρχ
m2χ
' 4× 10−7 yr−1
√
ρχ
0.1 GeV cm−3
GeV
mχ
g
10−17
(1.3)
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where mχ is the DM mass, ρχ is the DM density, and g is the DM-mediator coupling. The
scale radius of the DM halos is∼ 100 kpc, and their relative velocity is∼ 3000 km s−1, giving
a crossing time of ∼ 100 kpc/(3000 km s−1) ∼ 3 × 107 yr. Comparing ω−1p to this crossing
time, we see that the exponential growth of perturbations could occur even for g ≪ 1.
For comparison, constraints from 2→ 2 particle scattering give g . 4× 10−3(mχ/GeV)3/4
(see Section 5.1).
This estimate shows that coherent effects may become important at DM-mediator
couplings orders of magnitude smaller than those at which 2→ 2 scatterings have significant
effects. In the remainder of this paper, we analyse the growth of small perturbations more
generally and quantitatively. In particular:
• We review the linear theory of instabilities in a homogeneous plasma (Section 2).
Standard electromagnetic theory can be applied directly to the case of DM interacting
via a massless hidden-sector mediator, simply by modifying the charges and masses
of the particles.
• We extend this theory to the case of a massive vector mediator (Section 2). We find
that mediator masses m & ωp/vth suppress the growth of perturbations, where vth
is the velocity dispersion of the plasma. For velocity distributions without multiple
peaks (such as an anisotropic Maxwellian distribution), only magnetic instabilities
exist, and these are suppressed for m & O(ωp).
• We identify regions in the mχ,mA, gχ parameter space (where mχ is the DM mass,
mA is the mediator mass, and gχ is the DM-mediator coupling) where we expect
small perturbations to grow in astrophysical systems (Section 3). At small mA, the
potential constraints on gχ are many orders of magnitude stronger than those from
2 → 2 scattering (this is illustrated in Figures 6 and 7). We also comment on the
potential for improved constraints when the DM is so light (m . eV) that it has
occupation number  1 in halos (Section 6).
• We study models in which DM interacts non-gravitationally with both itself and with
SM matter, through a ‘dark photon’ vector mediator that kinetically mixes with the
SM photon (Section 5). This is one of the simplest such possibilities, and represents
an important target for low-threshold direct detection experiments. In large parts of
the theoretically and experimentally interesting parameter space, we find that DM-
DM plasma instabilities would be expected to grow exponentially in astrophysical
systems (Figure 10). This motivates further investigations to determine whether
such models are astrophysically viable. We also discuss why such effects may not be
as important for the case of millicharged DM (Section 4).
1.2 Previous literature
To our knowledge, the first paper to raise the possibility of strong constraints from coherent
DM-DM scattering was [13]. This considered DM interacting through a massless, purely
dark-sector vector mediator, and focussed mainly on the constraints and signatures arising
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from 2→ 2 scattering. However, it also commented on the possibility of a magnetic Weibel
instability (see section 2.3), and noted that such phenomena may provide significantly
stronger constraints than 2 → 2 scattering, while leaving further investigations to future
work.
In unpublished work, [17] identified the electrostatic two-stream instability as being
faster-growing than the Weibel instability (again, for the case of a massless hidden-sector
mediator), and estimated the parameter space where constraints from Bullet Cluster type
systems might exist. In addition, they conducted preliminary simulations of such cluster
collision scenarios.
[18] also identified the electrostatic two-stream instability as the fastest-growing one,
and argued that since this instability would make DM effectively collisional, ‘models where
all of DM is charged are ruled out by observations of cluster collisions unless the charge is
extremely small’ (though they did not attempt to quantify this). Their main focus was a
scenario in only a sub-component of DM is self-interacting through a massless hidden-sector
mediator. In [19], cluster collisions with such a subcomponent were simulated, assuming
that it behaves like a fluid with some effective viscosity.
Coherent interactions involving DM have been investigated extensively in the context
of millicharged DM, where DM is taken to have a (very small) charge under Standard
Model EM. As discussed in Section 4, the most important interactions are generally ‘one-
many’, with individual DM particles scattering off the large-scale EM fields created by SM
charges and currents. While some of this literature (e.g. [20]) claims that similar bounds
apply to models with massive mediators, such as kinetically mixed dark photons, this is
only true when the mediator mass is extremely small (see Section 5). There have also
been investigations of whether ‘many-many’ collective instabilities can be important for
millicharged DM [21], but futher work would be needed to establish whether this could
occur for couplings not excluded by other effects.
DM coupled to a light vector mediator is considered in many other papers (e.g. [22–25]),
but in most cases, they do not consider plasma effects (or if they do, only insofar as they
affect Coulomb scattering through Debye screening — see Section 5.1). [26] does consider
plasma effects in a model with a massive hidden-sector mediator, but focusses on the
properties of the DM plasma near Earth (in the context of direct detection experiments),
rather than on systems such as cluster collisions.
2 Plasma instabilities
In this section, we will discuss the linear theory of plasma instabilities. Astrophysically, the
DM distributions that arise from collisionless evolution will often be very far from thermal
equilibrium (for example, the basically-bimodal velocity distributions in cluster collisions).
Given strong enough interactions, such a distribution will relax towards equilibrium.3 For
3 When gravitational interactions are important, there is generally no equilibrium state for a particle
system; entropy can always be increased by a subset of the particles becoming more tightly bound [27, 28].
However, as we will discuss, the plasma instabilities that we are interested in will generally be important
on scales well below those where gravity is important.
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some distributions, the initial stages of this relaxation are driven by exponentially-growing
instabilities, which grow by converting particle kinetic energy into field energy.
2.1 Instabilities in a uniform plasma
We will begin by considering perturbations of a spatially uniform plasma, in a freely falling
frame, with no large-scale currents or charge separation in the initial state. In real as-
trophysical systems, spatial inhomogeneities and gravitational forces are, of course, often
important. However, if the spatial scale of a perturbation is small, these approximations
can be good, and as we will see, the spatial scales associated with instabilities are often
small enough. If the initial state does not feature large-scale currents or charge separation,
then (for large enough DM number densities that particle number effects are not impor-
tant), these must have arisen through interactions becoming important at earlier times.
Consequently, to analyse the earliest point at which large-scale vector fields arise, we can
start from approximately zero-field conditions.
In terms of the distribution functions fs(v, x, t) =
dNs
d3vd3x
of the particle species s in
the plasma, the collisionless Boltzmann equation4 (also referred to as the Vlasov equation)
is [29]
∂tfs + v · ∂xfs + a · ∂vfs = 0 (2.1)
where a = dvdt =
qs
ms
(E + v × B) is the acceleration due to the Lorentz force, with qs
and ms the charge and mass of species s. This expresses that the phase space density
does not change along particle trajectories. The charge density, ρ =
∑
s qs
∫
d3vfs, and
the current density, J =
∑
s qs
∫
d3vvfs, give the source term J
ν in the Proca equations
(∂µ∂
µ−m2)Aν = Jν (where m is the mass of the vector mediator, and we use the +−−−
signature). Together, the Vlasov and Proca equations determine the behaviour of the
plasma distribution function.
For a particular configuration of charged particles, the distribution function will be
a set of delta-functions corresponding to the positions and momenta of these particles,
and solving the Vlasov-Proca equations will correspond to solving the interacting N -body
system. To simply things, we need to perform some kind of averaging. One approach is
to coarse-grain in position and velocity space, so that there are many charged particles
in each phase-space ‘bin’ — another is to track the evolution of an ensemble-averaged
distribution function, where we average over e.g. different possible starting configurations
of the particles [29]. In either case, for the averaged solution to be a good approximation
to the particular solution, we need the particles in the latter to be sufficiently dense in
phase space. We will return to this condition in Section 2.2.
If our unperturbed state is a spatially uniform distribution function fs, with no vector
field background, then the linear-order equations for a small perturbation δfs, Aµ are
(∂t + v · ∂x)δfs = −a(Aµ) · ∂vf , (∂µ∂µ −m2)Aν =
∑
s
qs
∫
d3v vνδfs (2.2)
4Since a typical DM particle can only undergo O(1) hard collisions during the lifetime of the universe,
without affecting observables such as galactic halo shapes (see Section 5.1), we would expect the collision
terms to generically be unimportant, in unconstrained parameter space.
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where vν = γ(1, vi), with γ = 1/
√
1− v2. We will work with non-relativistic velocity
distributions, so will take γ ' 1. If we decompose the perturbations into Fourier modes,
so δfs(t, x) = δfse
−i(ωt−k·x) etc, then we can express δfs in terms of Aµ, giving a linear
equation for Aµ;
(ω2 − k2 −m2)Aν = −i
∑
s
qs
∫
d3v vν
a(Aµ) · ∂vf
ω − k · v ≡ Π
νµ(ω, k)Aµ (2.3)
where Πνµ is the leading order response function (the ‘self-energy’, in the language of
thermal field theory [30]). For a given k, there will be some particular ω for which this
equation can be satisfied. These (k,w) pairs give the dispersion relation for perturbations.
To take the simplest possible example, a cold, uniform plasma has fs = nsδ
3(v). We
can evaluate equation 2.3 via integration by parts; if we assume that f decays fast enough
at large velocities, then∫
d3v vi
((E + v ×B) · ∂vf)
ω − k · v = −
∫
d3v
f
ω − k · v
(
E + v ×B + k · (E + v ×B)
ω − k · v v
)
i
(2.4)
So, for fs = nsδ
3(v), we have
(ω2 − k2 −m2)Ai = i
∑
s
q2sns
ms
Ei
ω
(2.5)
Since E = −∇φ− ∂tA, and the Lorenz condition ∂µAµ = 0 gives φ˙+∇ ·A = 0, we have
(ω2 − k2 −m2)Ai =
(∑
s
ω2s
)(
Ai − kik ·A
ω2
)
(2.6)
where ωs ≡ q2sns/ms. For m = 0, this gives the usual dispersion relations for transverse
and longitudinal excitations in a cold plasma [31]. Some more realistic examples, such as
Maxwellian velocity distributions, can also be treated analytically (see appendix A).
One of the simplest examples that gives rise to exponentially growing perturbations is
the ‘two-stream’ instability. If we consider a plasma consisting of positive and negatively
charged species with the same mass (as we expect for symmetric DM models), this has
f± =
np
2 (δ
3(v − v0) + δ3(v + v0)), corresponding to two cold ‘streams’ of plasma passing
through each other. For longitudinal perturbations, i.e. those with k ‖ A ‖ v0, we have
(ω2 − k2 −m2)A = (ω2 − k2)
(
ω2p
(ω − k · v0)2 +
ω2p
(ω + k · v0)2
)
A (2.7)
where ωp =
√
q2np/m is the plasma frequency of each of the streams, with the charge
of the two species being ±q and their mass being m. If we start with some localised
perturbation at an initial time, we can decompose it into spatial Fourier modes with real
k. Consequently, there are exponentially growing perturbations if there are solutions of the
dispersion relation with Imω > 0 for real k. As we discuss in Section 2.2, such solutions
– 7 –
Figure 1. Left panel: velocity distribution for a ‘two-stream’ plasma background, in which two
Maxwellian streams with velocity dispersion σ = 10−4c are counter-propagating, with a closing
velocity 2 × 10−3c in the z direction. The shading indicates the phase space density at a given
velocity. Right panel: fastest growth rate for a perturbation with wavevector k, on the plasma
background illustrated in the left-hand panel. The height of the surface corresponds to the imaginary
part of the mode’s frequency. The plasma is assumed to consist of positive and negatively charged
species with the same mass, and having the same velocity distributions. We take ω2p = q
2n/mq,
where n is the number density in each stream, ±q is the charge of each species, and mq is their
mass.
exist for m ≤ ωp/v0, and the fastest growth rate is ωi ' 0.5ωs (attained for k ' ωs/v0, and
m k).
We will discuss the physical understanding of this instability (and others) in detail
below, but to start with, we can understand the parametrics of the growth rate simply
by considering the energetics of the instability. The vector field’s energy density is uA =
1
2(E
2 + B2) (or larger for a massive mediator — see equation 2.11). The force exerted on
a charged particle is F = q(E + v ×B), so over a time δt, the magnitude of the change in
the particle’s velocity is at most δv ∼ qδtm (E + v × B). For a collection of particles with
charges qi and velocities vi, the rate of energy transfer from particle KE to field energy is
P = U˙A = −
∑
i qivi · E.
If we suppose that our perturbation is growing exponentially, and we take δt to be
the e-folding time, then we must have δP ∼ P and δUA ∼ UA, so δPδt ∼ UA. For a
perturbation where uA is dominated by the electric field, such as the longitudinal modes
in equation 2.7, we have |δPδt| . q2mN(δt)2E2, where N = nV is the number of particles
in the volume V . Since |δPδt| needs to be & uAV ∼ 12E2V for the perturbation to grow,
we have
q2n
m
(δt)2 & 1 ⇒ δt .
(
q2n
m
)−1/2
= ω−1p (2.8)
For a magnetic-field-dominated perturbation, the maximum growth rate is suppressed by
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Figure 2. Dispersion relation for longitudinal oscillations in a cold, uniform plasma, with a massive
mediator. In the left-hand panel, the mediator mass is m = 0.1ωp. Longitudinal plasmons, which
for a massive mediator have ω = ωp, are mostly unaffected (apart from a small avoided crossing).
At small ω, there is also the φ ' const Goldstone mode (which would be pure-gauge for a massless
mediator), and at high ω, there are relativistic φ excitations. In the right-hand panel, we have
m = 2ωp. Here, longitudinal plasmons are strongly affected for k . m, linking with the Goldstone
dispersion relation at smaller k. At higher ω, the dispersion relation is approximately that for a
free massive particle.
some power of v/c 1 (for a non-relativistic plasma).5 Consequently, the ωi ∼ ωp growth
rate obtained from the two-stream instability is as fast as perturbations can grow, starting
from a background without larger fields present (equivalently, it is the fastest rate at which
the overall field energy can increase).
2.2 Electrostatic instabilities
As we will see, unstable modes in a non-relativistic plasma generally have |k|  |ω|;
parametrically, for the velocity distribution of the plasma to be significant, we need |kv| &
ω. Consequently, instabilities in which the electric field perturbations are much larger
than the magnetic field perturbations are dominantly electrostatic, with |φ|  |A| (since
B = ∇×A and E = −∂tA−∇φ). In this case, we can simply the Vlasov-Proca equations
to a one-dimensional integral. Reinstating c for clarity, we have
(ω2 − c2k2 −m2c4)φ = −i
∑
s
q2s
m
∫
d3v
1√
1− v2/c2
((E + v ×B) · ∂vfs)
ω − k · v (2.9)
so taking E ' −ikφ,
(c2k2 + c4m2)φ ' c2φ
∑
s
q2s
m
∫
d3v
k · ∂vfs
ω − k · v (2.10)
which gives us a scalar equation for the dispersion relation. For purely longitudinal per-
turbations, the full Vlasov equation has this form (since there can be no magnetic fields),
5If a Fourier mode of a perturbation has both E and B large, then its Poynting vector S = E × B is
large, corresponding to a propagating photon. In our scenarios, this means that energy will be transported
away from an initially localised perturbation, rather than the perturbation growing.
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Figure 3. Fastest growth rate for a perturbation with wavevector k, on the plasma background
illustrated in Figure 1, for a vector mediator of the indicated massm. As this illustrates, longitudinal
perturbations are suppressed for m & ωp/v0 ∼ 103ωp, while ‘oblique’ perturbations with significant
kx component exist up to m ∼ ωp/σ (see Section 2.2).
so the behaviour of electrostatic perturbations with a particular wavevector k is equiva-
lent to longitudinal perturbations with the appropriate projected velocity distribution (see
appendix B).
For a massless mediator, longitudinal perturbations have been extensively analysed in
the plasma theory literature [15]. In the symmetric, two-stream scenario, a basic physical
picture of the instability can be obtained (following [15]) by considering the longitudinal
oscillations of each of the streams individually. For a stream with velocity v in the lab
frame, oscillations with ω = ωp in the stream’s rest frame have ω = k · v ± ωp in the lab
frame6, and the ‘slow’ oscillation (with smaller frequency) has less kinetic energy then the
unperturbed beam, ∆KE < 0. If we take k such that |k · v| = ωp, then the slow oscillations
for both streams are stationary in the lab frame. If the two oscillations are in phase, they
reinforce each other, extracting KE from the streams to increase the E field energy, and
6In the case of symmetric DM, each stream will be composed of equal numbers of positive and negative
charges, with both species having the same velocity distribution. If each has number density n± then the
plasma frequency for the stream is ω2p = 2q
2n±/m. In the case of an SM plasma, we might instead have
streams of electrons on top of a uniform, slowly-moving background of ions. The important quantity is
simply the self-energy that the distribution function gives rise to, which determines the dispersion relation.
– 10 –
giving rise to an instability.
This is the relevant picture for k · v ' ωp, where the peak instability rate is obtained.
As Figure 1 shows, there are also growing perturbations with small k, for which ωi ↘ 0
as k ↘ 0. These can be thought of as arising from out-of-phase slow oscillations in each
stream, such that (in the lab frame) the charge density perturbations almost cancel each
other out.
A similar picture applies in the case of a massive mediator, with the difference that,
for m & ωp and k . m, the dispersion relation for longitudinal oscillations in a stationary
plasma is modified (see Figure 2). Consequently, the peak instability rate is modified for
m & ωp/v.
Even without solving equation 2.10 directly, we can determine whether an instability
exists using the Penrose criteria [32] (see appendix B). If the two streams have Maxwellian
(projected) velocity distributions, then for a massless mediator, an instability exists if
v0 & 1.3σ, where σ is the velocity dispersion for each stream, and 2v0 is the closing
velocity. For a massive mediator, even for well-separated stream velocity distributions (i.e.
closing velocity  velocity dispersions), we need m . 1.3ωp/v0 in order for an instability
to exist.
Figure 1 illustrates a particular example of two Maxwellian streams moving through
each other (with parameters roughly analogous to a cluster collision scenario), taking the
closing velocity to be 2×10−3c, and the velocity dispersion for each stream to be σv = 10−4c.
The height of the surface corresponds to the fastest instability rate for each k, which can
be found from equation 2.10 (in fact, the figure uses the full Vlasov-Proca equation, rather
than the longitudinal approximation, though the results are almost identical). As we go to
more oblique k, the projected velocity distribution has a smaller closing velocity, so past
the vp ' 1.3σ threshold, where 2vp is the projected closing velocity, the instability does
not exist (though magnetic instabilities may still be present, as we discuss in Section 2.3).
For a massive mediator, if the closing velocity is significantly greater than the velocity
dispersions, then going to oblique k can be helpful, since it decreases vp, and so increases
ωp/vp. This is illustrated in Figure 3, which shows the effects on increasing m on the
instability rate as a function of k. For m & ωp/σ, the instability is suppressed entirely.
This behaviour matches what we would expect from basic energetic considerations.
The energy density associated with the A field is
uA =
1
2
(E2 +B2 +m2((A0)2 +A2)) ' 1
2
((∇φ)2 +m2φ2) (2.11)
where the second equality is for an electrostatic perturbation. Consequently, we expect the
mediator mass to become significant when m & k, as we observed above.
As mentioned in Section 2.1, for the collisionless Boltzmann equation to be a good
approximation to the evolution of a particular plasma configuration, the particle density in
phase space needs to be sufficiently high. If the largest wavenumber of interest is k, then
having many particles per ∼ k−3 volume means that we have a sensible spatial coarse-
graining. Within each k−3, we ideally want enough particles to resolve the important
features of the velocity distribution. For the two-stream instability, the relevant condition
– 11 –
is nχ  (ωχ/σ)3. If we impose the 2 → 2 Coulomb scattering bound (equation 5.5), and
also that g ≤ 1/(4pi) (when mχ is large enough that the Coulomb bound is ineffective),
then
nχ
(ωχ/σ)3
=
σ3m2χ
ρ
1/2
χ g3
& 1020
( σ
103 km s−1
)3(0.1 GeV cm−3
ρχ
)1/2
(2.12)
Consequently, the dark matter number density is always high enough that, in a spatially
uniform plasma, there would be a good coarse-grained description. We discuss how well
the approximation of spatial uniformity applies to astrophysical systems in Section 3.
The other way in which the collisionless Boltzmann equation can break down is if
collisions are important. For hard collisions, the obvious estimate is that, if the collision rate
for a particle is comparable to the growth time for the instability, then the instability will
be suppressed. This can be confirmed by explicit calculations [15]. For Coulomb collisions,
the rate of soft collisions is enhanced by a Coulomb logarithm factor (Section 5.1), but this
alters things by a factor of O(10) at most [13, 24]. As we noted above, since only a few hard
collisions per DM particle during the lifetime of universe are enough to significantly affect
e.g. halo shapes [13, 24], neglecting collisions will be a good approximation for couplings
that are not already excluded by 2→ 2 scattering calculations.
2.2.1 Beam-plasma
If we consider asymmetric streams, as illustrated in Figure 4, the behaviour of instabilities
can be somewhat different. In the plasma literature, these are known as ‘beam-plasma’
instabilities, with the ‘beam’ being the less dense stream and the ‘plasma’ the more dense
one [15]. For us, they can serve as a model for astrophysical situations such as a denser,
lower-velocity-dispersion subhalo (the ‘plasma’) moving through a larger DM halo (the
‘beam’), as discussed in Section 3.
Setting up our problem (for a massless mediator, our calculations will follow those
in [15]), we will take the denser stream to be at rest, with plasma frequency ωp, and the
less dense stream to have relative velocity v0, with plasma frequency ω1. If we ignore the
velocity dispersion of the streams, the dispersion relation for a massless mediator is
1 =
ω2p
ω2
+
ω21
(ω − kv0)2 (2.13)
If we assume the density ratio is small, R ≡ ω21/ω2p  1, then for ω 6' ωp, we need
|ω − kv0|2 ∼ R. Writing ω − kv0 = δ, we have
δ2 = R
ω2ω2p
ω2 − ω2p
(2.14)
Consequently, for ω & ωp, the modes are stable, while for ω . ωp, we have ωi ∼
√
Rku.
The maximum instability rate is obtained for ω ' ωp, for which
δ2 ' Rω
2ωp
2δ
⇒ δ3 ' R
2
ω3p ⇒ δ ' e2piin/3
(
R
2
)1/3
ωp (2.15)
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Figure 4. Top-left panel : velocity distribution for a ‘beam-plasma’ scenario, in which a dense
(ωp = 1, in arbitrary units), low velocity dispersion (σp = 10
−4c) Maxwellian stream propagates
through a more dilute (ωp = 0.1), high velocity dispersion (σ = 10
−3c) at relative velocity v =
10−3c. Other panels: fastest growth rate for a perturbation with wavevector k, on the plasma
background illustrated in the top-left panel, for a vector mediator with the masses m indicated.
For m & 2.5× 103ωp, there are no unstable modes.
where n is an integer. Consequently, the maximum growth rate is ωi ∼ R1/3ωp.
Neglecting the velocity dispersions of the streams will be a good approximation if the
phase velocity of the excitation is well outside the velocity distributions of both streams.
In the plasma literature, this is referred to as the ‘cold-beam’ case. Since ω/k − v0 = δ/k,
this will be true if the fractional velocity dispersion of the beam is σv0 . max
δ
kv0
∼ R1/3,
and the plasma velocity dispersion is  v0.
The physical picture for the fastest-growing instability is that a longitudinal oscillation
in the denser stream, which has frequency ωp, interacts with a ∆KE < 0 forced oscillation
in the ‘beam’, extracting kinetic energy. For kv0 . ωp, we have a similar picture as for the
two-stream instability, with partially-cancelling perturbations in the beam and the plasma.
As we take R→ 1, we move smoothly towards the two-stream case.
In many circumstances, the beam’s velocity dispersion will be large enough that the
‘cold-beam’ approximation does not hold. For example, in the subhalo case, the velocity
dispersion of the larger halo is generally comparable to the orbital velocity of the subhalo
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through it, so σ ∼ v0. The behaviour in this ‘hot-beam’ scenario is rather different.
Since we need to take the beam’s velocity distribution into account, the dispersion
relation for longitudinal oscillations becomes (again, for a massless mediator)
1 ' ω
2
p
ω2
+
ω21
k2
∫
dv
f ′(v)
ω/k − v (2.16)
(we will see that as long as the plasma’s velocity dispersion is  u, treating it as cold
will not affect the most unstable modes). If we write ω/k = ur + iui, then we can write
the integral over v as an integral over a contour slightly below the real axis, which for ui
sufficiently small is approximately∫
dv
f ′(v)
v − (ur + iui) =
∫ ∞−iui
−∞−iui
dv
f ′(v + iui)
v − ur ' P
∫ ∞
−∞
dv
f ′(v)
v − ur + ipif
′(ur) (2.17)
For the imaginary part of equation 2.16 to be zero, we need
− 2ω
2
pωrωi
|ω|4 + pi
ω21
k2
f ′(ωr/k) ' 0 (2.18)
For R 1, the real part of the RHS of equation 2.16 is dominated by the first term ω2p/ω2,
so we need ωr ' ωp. Consequently,
ωi ' Rωppi
2
ω2p
k2
f ′(ωr/k) (2.19)
For a generic beam velocity distribution, with velocity dispersion ∼ σ, the maximum value
of f ′(u) is ∼ 1/σ2, so
maxωi ∼ Rωp u
2
σ2
(2.20)
For this to be valid, we need f ′(ur + iui) ' f ′(ur); for a simple beam velocity distribution
such as a Gaussian, this requires ui  σ. From equation 2.20, this holds for for R σ3/v30.
This is simply the opposite of the cold-beam condition derived above, showing that the
hot-beam and cold-beam regimes are complementary. The maximum instability rates also
have the same parametric value at R ∼ σ3/v30, consistent with this picture.
The different behaviour in the hot-beam regime corresponds to a somewhat different
physical picture of the instability, compared to the cold-beam case. In particular, the
approximation of the counter integral used above is very similar to the usual derivation of
Landau damping [14, 29]. For the latter, the physical picture is that beam particles with
velocities very slightly smaller the phase velocity ω/k of a plasma oscillation are accelerated
by it, while those with velocities very slightly larger are slowed down. If the gradient of the
velocity distribution is negative, then there are more slightly-slower particles than slightly-
faster particles, and energy is on average transferred from the plasma oscillation to particle
KE. If the gradient is positive, then the opposite occurs; energy is transferred from particle
KE to the plasma oscillation, resulting in an instability. This ‘inverse Landau damping’
picture breaks down when the instability growth rate becomes too fast, so that ‘slightly-
slower’ and ‘slightly-faster’ encompass too wide a range in the velocity distribution.
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The top-right panel of Figure 4 shows the instability behaviour for an example velocity
distribution with R = 10, and σ = v (i.e. in the hot-beam regime). While the ωr values
of the unstable modes are not shown, these are close to ωp. As the figure illustrates, we
need k · v & ωp for there to be an instability, corresponding to the phase velocity of the
perturbation being in the increasing part of the vz distribution.
For a massive mediator, the same basic physical picture applies, once the modified
dispersion relation of longitudinal oscillations is taken into account. Equation 2.16 is
modified to
1 +
m2
k2
' ω
2
p
ω2
+
ω21
k2
∫
dv
f ′(v)
ω/k − v (2.21)
From the real part of this equation, we need to have ω ' ωp(1 + m2/k2)−1/2. This cor-
responds to the lower branch of the dispersion relation (for the dense plasma) in the
right-hand panel of Figure 2, with the usual relation ω ' ωp being modified for m & k.
Parametrically, we expect instabilities to be suppressed entirely for m & ωpσp . For lon-
gitudinal oscillations, we can confirm this using the Penrose criteria; from appendix B,
instabilities exist for
m . ωp
vc
∼ ωp
few × σp (2.22)
where vc is the point at which f
′
v = 0, balanced between the falling f
′ from the plasma
velocity distribution and the rising f ′ from the beam. The second equality applies if both
the beam and plasma have Maxwellian velocity distributions. The basic physical picture is
that, for given k, increasing m pushes ωr smaller, until ur = ωr/k is no longer on the rising
part of the velocity distribution (see Figure 12). This behaviour is illustrated in Figure 4,
which shows the effects of increasing m on the instability rate as a function of k. Since
the velocity distribution of the dense component is isotropic, and the dense component’s
velocity dispersion sets the largest k for an unstable mode, it does not help to go to oblique
k.
2.3 Magnetic instabilities
The electrostatic instabilities discussed above relied on velocity distributions with suffi-
ciently well-separated peaks. As well as these, there can also be ‘magnetic’ instabilities, in
which the magnetic field energy dominates the electric field [33, 34]. In situations where
both magnetic and electrostatic instabilities exist, the growth rate of the former is gener-
ally suppressed relative to the latter by ∼ vs/c, where vs is the stream velocity. However,
magnetic instabilities exist for a wider range of velocity distributions, including those which
are very close to Maxwellian.
The simplest examples of magnetic instabilities can be seen in the (cold) two-stream
velocity distribution [34]. If, instead of looking at k ‖ v0 perturbations, we take k ⊥ v0,
then the response function is (taking the streams to be in the z direction, and k ∝ xˆ)
ΠA =
(ω2 − k2)
ω2p
ω2
0 0
0 ω2p 0
0 0 (ω2 + k2v20)
ω2p
ω2

AxAy
Az
 (2.23)
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Figure 5. Illustration of a magnetic (‘Weibel’ [33]) instability for counter-propagating streams
(see Section 2.3). The transverse magnetic field B bends the trajectories of charged particles in the
streams (which are travelling upwards and downwards), creating current sheets (indicated by J)
[34]. These currents do work on the field via the E · J term (since E is in the vertical direction),
enhancing the field energy and leading to an instability.
For A ⊥ zˆ, we have the usual dispersion relations for plasma oscillations (as we would
expect, since non-relativistic motion in the zˆ direction has not effect on those). For A ‖ zˆ,
the dispersion relation becomes
ω2 − c2k2 − c4m2 = ω2p + k2v20
ω2p
ω2
(2.24)
(where we have reinstated c for clarity) which has solution
ω2 =
1
2
(
ω2p + c
2k2 + c4m2 ±
√
(ω2p + c
2k2 + c4m2)2 + 4ω2pk
2v20
)
(2.25)
Expanding in small v0/c, we have a solution
ω2 ' −ω
2
pk
2v20
ω2p + c
2k2 + c4m2
(2.26)
so there are growing modes, with maxωi ' ωpv0/c (attained at k & max(ωp,m)). The
physical picture behind this instability is illustrated in Figure 5. A transverse magnetic
field bends the trajectories of particles in the streams, creating current sheets in the stream
direction. These currents do work on the electric field, growing the instability.
More generally, if the velocity distribution is separable in the x and z directions, so∫
dvyf±(vx, vy, vz) = n±gx(vx)gz(vz) (2.27)
(assuming symmetric positive and negative species) with
∫
dvxgx(vx) =
∫
dvzgz(vz) = 1,
then
Πzz = ω
2
p
(
1 + σ2z
∫
dvx
g′x(vx)
ω/k − vx
)
≡ ω2p
(
1 + σ2zG(ω/k)
)
(2.28)
where σ2z =
∫
dvzv
2
zgz(vz) and ω
2
p = 2q
2±n±/m±, and G is defined as in appendix B. We
also have Πzx,Πxz ∝
∫
dvzvzgz(vz), so to simply the analysis, we can make Π diagonal by
boosting in the z direction so that v¯z =
∫
dvzvzgz(vz) = 0.
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For the case of a Maxwellian velocity distribution gx, we have (for u with positive
imaginary part)
G(u) = −
1 + u√
2σx
Z
(
u√
2σx
)
σ2x
(2.29)
where Z(x) ≡ i√pie−x2erfc(−ix) is the plasma dispersion function [29] (inserting this into
equation 2.28 reproduces the dispersion relation given in the original paper of Weibel [33]).7
From the dispersion relation
ω2 − k2 −m2 = ω2p(1 + σ2zG(ω/k)) (2.31)
we can find that for a Maxwellian vx distribution, an instability exists for k ≤ kmax, where
k2max = ω
2
p
(
σ2z
σ2x
− 1
)
−m2 (2.32)
If the RHS is negative, then there is no instability.
In many astrophysical situations, the velocity anisotropy will be small, σz/σx ' 1.
In this case, we can expand the plasma dispersion function in small ωi, and obtain (for a
massless mediator)
maxωi '
√
8
27pi
ωpσz
(
σ2z
σ2x
− 1
)3/2
(2.33)
which is attained at k ∼
(
σ2z
σ2x
− 1
)1/2
ωp/
√
3. This expansion is valid when σ
2
z
σ2x
− 1  1.
For a mediator appreciably lighter than the threshold mass ωp
(
σ2z
σ2x
− 1
)1/2
, the same ωi
expression will hold approximately.
Comparing these results to the electrostatic instabilities we discussed previously, the
mass range in which instabilities existed for a two-stream velocity distribution was m .
ω/vth. Consequently, in a scenario such as a cluster collision, the magnetic instability is
present for a smaller range of mediator masses (though it can be present for other velocity
distributions where electrostatic instabilities do not exist). When both instabilities are
present, the parametric growth rate ωi ∼ ωpv/c, as compared to ωi ∼ ωp for an electrostatic
instability, means that magnetic instabilities grow slower in non-relativistic plasmas. This
is illustrated in Figure 1, for which the computation includes instabilities of all types.
While for some k (e.g. k ‖ x) the fastest-growing instability will be magnetic, the closing
velocity of ∼ 10−3c means that these growth rates are too small to be visible on the plot.
3 Astrophysical systems
As discussed in the Introduction, our goal in this paper is not to fully calculate the con-
sequences of DM self-interactions. Instead, our aim is to identify the parameter space
7 To understand the parametric behaviour of the response function, it can also be useful to consider
simpler situations, e.g. a top-hat velocity distribution, for which
G(u) =
1
2σx
∫ σx
−σx
dvx
1
(vx − u)2 =
1
u2 − σ2x (2.30)
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Figure 6. Estimated parameter space for which small perturbations would experience significant
growth in astrophysical systems, for a vector mediator of mass mA, coupling to DM particles of mass
mχ with coupling g. The shaded parameter space above the broken red lines, labelled with mediator
mass mA, is the space in which perturbations would grow for that mediator mass. The region above
the solid red line is the region in which perturbations would grow for sufficiently light mediators.
The astrophysical situations we consider are cluster collisions such as the Bullet Cluster, and dense
DM subhalos (such as dwarf galaxies) moving through a larger halo (see Section 3). The ‘Coulomb’
region shows the parameter space in which 2 → 2 Coulomb collisions would have a significant
impact in DM halos (see section 5.1). Note that, for DM masses mχ . eV, the DM occupation
number in Galactic halos must be large, which may result in additional coherent scattering effects
(Section 6).
in which self-interactions are likely to be significant, so that future work can investigate
this space more thoroughly, and in particular, identify whether there are observational
consequences.
To map out this parameter space, we want to identify the astrophysical systems where,
as we increase the mediator coupling from zero, the first significant effects arise. In this
section, we identify different classes of candidate systems — cluster collisions, subhalos
within larger halos, and halos with anisotropic velocity distributions — and discuss their
properties.
Cluster collisions, as observed in systems such as the Bullet Cluster, are standard lab-
oratories for constraining DM self-interactions [2]. The ionised gas in each cluster interacts
during the collision, through SM plasma processes. In constrast, the post-collision DM dis-
tribution, as mapped out by gravitational lensing, is compatible with no non-gravitational
interactions [1, 2].
To estimate when DM-DM plasma instabilities would arise during such collisions, we
need some model for the DM distributions in the colliding clusters. [16] estimates these
distributions, for the Bullet Cluster collision, using gravitational lensing information. As-
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suming cored DM density profiles8, their best-fit parameters have core radii ∼ 100 kpc,
and central densities ∼ few × 0.1 GeV cm−3, with inferred halo velocity dispersions of
σ ∼ 800km s−1. Simulations of the gas dynamics in the collision suggest that the relative
velocity of the halos is ∼ 3000 km s−1[2]. These parameters give a central plasma frequency
of
ωp =
√
g2ρχ
m2χ
' 4× 10−7 yr−1
√
ρχ
0.1 GeV cm−3
GeV
mχ
g
10−17
(3.1)
compared to a crossing time of ∼ 100 kpc/(3000 km s−1) ∼ 3× 107 yr. If we take a conser-
vative threshold of O(100) e-folding times, we would expect plasma instabilities to grow
significantly for
g & 10−16 mχ
GeV
(3.2)
if the vector mediator is sufficiently light. The latter condition should be met for
m . ωp
σ
' 3× 10−26 eV
√
ρχ
0.1 GeV cm−3
800 km s−1
σ
GeV
mχ
g
10−16
(3.3)
The corresponding region in mχ, g parameter space is illustrated in Figure 6 (for various
mA), and in mA, g parameter space (for fixed mχ) in Figure 7. Compared to constraints
from 2 → 2 Coulomb scatterings (discussed in Section 5.1), plasma instabilities could be
important at far smaller couplings, for light enough mediators. From equations 3.2 and 3.3,
the threshold for the mediator mass to alter the parameter space in which perturbations
grow is m & few × 10−26 eV, basically independent of mχ.
For a two-stream instability, the wavevector for the fastest-growing mode (with a
massless mediator) has k ∼ ωpv0 ∼ few ×
ωi
v0
. For the threshold coupling we considered,
which has ωi ∼ O(100)/tcross ∼ O(100)v/Rcross, this implies that k ∼ O(100)/Rcross.
Consequently, the wavelength of the growing modes is small compared to the scale of the
DM halo. If the DM halo is smooth, then our approximation of a spatially-uniform, freely-
falling plasma should be a reasonable one (though more careful analysis, and potentially
simulations, would be necessary to confirm this). For a massive mediator, the k of the
fastest-growing modes is even higher. On the other hand, if the DM halo has significant
substructure, e.g. a dense central spike, or a large number of ‘miniclusters’, this may have
important effects.
For more massive mediators, we are limited by the m . ωχ/vth condition on the
existence of an instability. To maximise the mass range we can cover, we want DM systems
with large nχ and small vth. Of the DM systems we have observational evidence for, the
most extreme values of both nχ and vth are obtained in small subhalos of galactic halos,
such as DM-dominated dwarf galaxies. Even assuming cored dark matter profiles, these can
have central DM densities of & 10 GeV cm−3 and velocity dispersion ∼ 10 km s−1 [35–37]
(it should be noted that inferences about the DM halos of dwarf galaxies are controversial,
8profiles with central cusps, such as NFW, would lead to higher central DM densities — to be conserva-
tive, we consider cored profiles (gravitational lensing data does not have the spatial resolution to distinguish
these possibilities).
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Figure 7. Estimated parameter space for which small perturbations would experience significant
exponential growth in astrophysical systems, for a vector mediator of mass mA, coupling to DM
particles of mass mχ with coupling g. In this plot, we fix mχ = MeV, and vary mA (the inset plot
shows mχ = 10 GeV). The dashed curve corresponds to the parameter space in which instabilities
would grow in a Bullet Cluster-like collision, while the dotted curve corresponds to the parameter
space in which instabilities would grow for a dwarf-galaxy-like subhalo moving through a galactic
halo, as discussed in Section 3. The dot-dashed grey line shows the estimated instability region for
magnetic instabilities, in halos with anisotropic velocity distributions. The horizontal parts of these
curves are set by the growth rate of the instability being fast compared to the crossing time in the
system, while the sloping parts are set by the mediator mass being small enough for instabilities
to exist. The ‘Coulomb’ region shows the parameter space in which 2 → 2 Coulomb collisions
would have a significant impact in DM halos (see section 5.1). The inset illustrates how these
regions move to higher couplings as mχ increases; the threshold g values for the plasma instabilities
increase ∝ mχ, while the Coulomb threshold value increases approximately as ∝ m3/4χ .
with some studies claiming that Milky Way dwarf galaxies may contain no dark matter at
all [38, 39]). These parameters correspond to a plasma frequency of
ωp ' 4× 10−6 yr−1
√
ρχ
10 GeV cm−3
GeV
mχ
g
10−17
(3.4)
and a maximum mediator mass (see section 2.2.1) of roughly
m . ωp
few × σ ∼ 10
−23 eV
√
ρχ
10 GeV cm−3
10 km s−1
σ
GeV
mχ
g
10−16
(3.5)
As illustrated in Figure 7, this means that for large enough g, instabilities persist up to
larger m than in the cluster collisions case.
The low density and high velocity dispersion of the galactic halo in which the subhalo
moves means that we are in the (hot) beam-plasma scenario, so the instability rate is
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suppressed by the density contrast between the halos. Taking a standard model for the
Milky Way DM halo (e.g. [40]), the density at radii  10 kpc is
ρDM ∼ 0.1 GeV cm−3
(
20 kpc
r
)3
(3.6)
For typical dwarf galaxies at tens to hundreds of kpc from the galactic centre, this gives
a MW halo density of ∼ 10−2 − 10−3 GeV cm−3. Consequently, the maximum instability
rate is
ωi ∼ 0.5Rωp ∼ 4× 10−6yr−1 R
10−3
√
ρχ
10 GeV cm−3
GeV
mχ
g
10−14
(3.7)
In the case of cluster collisions, the available timescale for perturbation growth is
set by the crossing time of the DM halos (as noted above, further investigation would
be needed to understand the effect of spatial inhomogeneities in these halos). For the
case of a subhalo moving through a larger halo, the crossing time (e.g. ∼ kpc/10−3 ∼
4×106 yr) is significantly smaller than the timescale over which the subhalo’s surroundings
will significantly change (e.g. ∼ 100 kpc/10−3 ∼ 4 × 108 yr). Consequently, it is plausible
that perturbations can build up in the subhalo over timescales significantly longer than
the crossing time. This is compatible with the fact that the group velocity of growing
electrostatic perturbations, in the hot-beam case, is suppressed relative to the stream
velocity, since the real part of the frequency is set by the dispersion relation for plasma
oscillations . Here, we leave a proper analysis to future work, and conservatively restrict
ourselves to perturbations that grow substantially during a single crossing time. With this
assumption, equation 3.7 shows that for very light mediators, cluster collisions will be more
prone to instabilities at smaller couplings.
The unstable modes in a beam-plasma setup have k ∼ ωpv0, and ωi ∼ Rωp. At the
threshold we took, ωi ∼ O(100)v0/Rcross, so k ∼ R−1O(100)/Rcross, and the separation
between the mode’s wavelength and the scale of the halo is larger than in the two-stream
case. For more massive mediators, the threshold coupling is higher, and the fastest-growing
modes have larger k (if a significant instability is present).
Cluster collisions and dense subhalos are the most obvious examples of bimodal DM
velocity distributions, of the kind that lead to electrostatic instabilities. For standard DM
halos, the (virialised) velocity distribution is expected to be roughly Maxwellian, so elec-
trostatic instabilities should not be present. However, as we reviewed in Section 2.3, for
light mediators, magnetic instabilities exist even for close-to-Maxwellian velocity distribu-
tions. In fact, numerical simulations indicate that DM halos may, outside their central
regions, have quite anisotropic velocity distributions [41–46], with the radial velocity dis-
persion being ∼ 1.5 times larger than the transverse ones. This could lead to Weibel-type
instabilities.
As per Section 2.3, the growth rates of magnetic instabilities are velocity-suppressed,
and the maximum mediator mass for which they exist is∼ ωp (forO(1) velocity anisotropies)
rather than ∼ ωp/vth. Consequently, a basic estimate of the parameter space in which they
would arise within galactic halos gives a subset of the electrostatic estimate, as illustrated
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in Figure 7. In addition, the evidence for anisotropic DM distributions is somewhat in-
direct [47, 48], compared to the evidence for bimodal velocity distributions in subhalos
and cluster collisions. Nevertheless, the coupling threshold estimates for cluster collisions
and for anisotropic halos are quite close at small mediator masses, indicating that a more
detailed investigation is worthwhile.
Bound structures in the universe most likely came about through a process of hier-
archial structure formation, in which smaller structures formed first, and then merged to
form successively larger structures [49]. During this process, the dark matter velocity dis-
tribution was often far from Maxwellian, allowing instabilities to occur. In some sense,
the cluster mergers that we observe are the late-time part of this process. Generically, we
might expect these later events, which occur over longer timescales, to allow more time
for instabilities to grow, and so to be the first that become important as we increase the
coupling from zero. This is why we have focussed on such events (along with the fact that
we have observations of them). These arguments are, of course, schematic, and would need
to be checked more carefully.
Going further backwards in time, we can ask whether DM-DM instabilities could be
important during the radiation era. We do not expect the DM velocity distribution then
to have been significantly bimodal, but it could have been slightly anisotropic, raising the
possibility of magnetic instabilities. However, even being optimistic, it does not seem likely
that these would be competitive with late-time systems, in terms of possessing instabilities
at small couplings. Since H ∝ z2 then, while ωp ∝ n1/2DM ∝ z3/2, the increased instability
rate possible in denser environments is more than offset by the shorter instability time
available, and the most favourable ratios occur at later times. Performing basic estimates
at around the time of matter-radiation inequality, it seems likely that the late-universe
systems we discussed above would allow instabilities at smaller couplings. There is, of
course, a separate question of whether SM-DM couplings could lead to interesting early-
universe behaviour — in particular, the pressure in the baryon-photon fluid makes it behave
differently from DM, giving rise to a relative DM-baryon bulk velocity [50]. We leave such
investigations to future work.
As we have emphasised, the instability regions in Figure 7 do not represent obser-
vational constraints. Nevertheless, it is interesting to consider how one might be able to
obtain constraints, at least in the close-to-threshold regime (that is, assuming that the
relevant process is the first time in the evolution of the system that collisions become im-
portant, so that we can take the initial state to be the same as for collisionless CDM).
For cluster collisions, a potential issue that the gravitational lensing measurements are
compatible with O(1) effects on the DM halos, e.g. ∼ 30% mass loss from the smaller halo
[51]. While our calculations have been purely at the level of small perturbations, which
can be treated using a linear approximation, understanding the eventual consequences once
perturbations become large would require a more complete analysis. It should be noted
that the behaviour of SM matter in such collisions, which does undergo significant momen-
tum exchange due to plasma effects [52], and DM simulations such as [19], suggest that
the effects may be large enough to be visible. However, establishing this carefully would
require significant extra work.
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For the subhalo case, even if only a small fraction of the stream kinetic energy and/or
momentum is transferred to the subhalo during one crossing, then the fact that the sub-
halo’s lifetime of billions of years is much longer than the crossing time (of only a few million
years) means that there could be large cumulative effects. Momentum transfer would lead
to an effective drag force, causing the subhalo’s orbit to decay, while kinetic energy transfer
would heat up the subhalo, expanding or eventually evaporating it. Consequently, it may
be the case that effects on subhalos provide more robust signals of DM plasma instabilities
(though again, further work would be required to understand these).
It is possible that, if structure formation does result in ‘cuspy’ DM profiles with sig-
nificantly higher densities than we have considered here, then plasma instabilities could be
important at even smaller couplings. Relatedly, it is possible that the first situations in
which self-interactions are important could occur earlier in time than our example scenar-
ios, and so change the initial conditions that we have been assuming. If one is attempting
to identify the observational signatures of a model, then such issues would be need to be
investigated carefully. Figure 7 represents a conservative estimate of the parameter space
in which such investigations may be warranted (in the sense that the true space may be
larger).
An important related point is that, for couplings significantly larger than the threshold
value where effects first become significant, the DM’s behaviour may be very complicated.
In extreme situations, it is conceivable that for large enough couplings, DM may look
effectively collisionless — for example, if early cooling processes are sufficiently strong
that most DM is in isolated, dense, overall-neutral objects. Something similar happens
in the SM sector, where some fraction of matter is in the form of stars, which behave as
collisionless particles. While this possibility seems somewhat far-fetched for the simple
model of symmetric DM we have been considering, in more complicated hidden sectors,
DM particles may form small neutral bound states. These ‘mirror atoms’, in analogy to
electron-nucleon bound states in the SM, occur in a variety of models (e.g. [5, 53–56]), and
if the ionised fraction is small enough, would not display the plasma behaviour we have
been investigating. Of course, they would also have different behaviour in other settings,
e.g. different scattering properties with the SM in direct detection experiments, so they do
not represent a way to open up the same parameter space.
4 Millicharged DM
So far, we have considered entirely hidden-sector dynamics, with DM-SM interactions
occurring only through gravity. However, in some models, DM interacts directly with SM
states. An important example is ‘millicharged’ DM, which has a (small) charge under
SM electromagnetism. In this case, the interaction dynamics are literally those of a usual
EM plasma, with the addition of a different particle species. Millicharged particles can
arise in a number of ways [57, 58] (it should be noted that models incorporating an extra
hidden-sector photon have different behaviour, due to this extra mediator, as we discuss
in Section 5).
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Coherent scattering effects for millicharged DM, in the form of DM particles scattering
off large-scale coherent EM fields, have been investigated extensively in the literature [20,
59–63]. These can be viewed as ‘one-many’ scatterings, with a single DM particle scattering
off a field sourced by many SM particles, as opposed to the ‘many-many’ scatterings we have
been considering. For example, [20] analyses scattering of millicharged DM with coherent
magnetic fields in the ISM, finding that if qDM/mDM & 10−13 GeV−1, the galactic disk
would have been spun down by interactions with the DM. [61] analyses the interactions
of DM with magnetic fields in galaxy clusters, and finds a similar coupling limit, above
which the DM profile would be strongly affected. While the plasma dynamics of these
scenarios are complicated, and such limits should be viewed as plausible estimates rather
than established constraints, they illustrate that, even for rather small couplings, one-many
effects may be important.
An obvious question is whether, for even smaller couplings, ‘many-many’ scatterings
of the kinds we have been considering could be important. For example, from Figure 7,
for a massless hidden-sector mediator, and mχ = GeV, the electrostatic instability may
be important in cluster collisions for g & few × 10−16. In a purely-DM environment,
such effects would be of interest. However, in most settings, the SM matter cannot be
neglected. In particular, since the DM charge must be ≪ 1 (for mχ  1013 GeV), the
relatively large electron charge (e ' 0.3) means that SM matter will usually dominate
the plasma dynamics, even when the DM number density is higher. As we discuss below,
this can suppress plasma instabilities (or makes them dominantly SM-sector, so that DM
scatters against SM-sourced fields as per the ‘one-many’ scenario considered above).
To take an example, we can consider a beam-plasma scenario in which the high-velocity
‘beam’ is DM-dominated, and the denser ‘plasma’ is SM-dominated. This might arise when
e.g. a bound structure with DM and SM matter is passing through a DM halo. From
section 2.2.1, the electrostatic instability rate is ωi ∼ Rωp ∼ q
2nχ
mχωp
, where q is the DM
millicharge (the hot-beam limit is appropriate, as R is very small). Consequently, the
instability rate is ∝ q2, rather than ∝ g as in the purely hidden-sector case.9 Physically,
the SM matter makes the plasma ‘stiffer’, suppressing the instability. The instability rate
being suppressed by two powers of the small DM charge means that one-many scattering
probes, for which the momentum transfer rate is ∝ q, are generally more powerful.
On the other hand, there may be other situations in which collective DM effects are
important. An obvious example would would be systems in which the SM density is small
enough. Another possibility is that coherent SM fields provide a starting configuration for
which collective instabilities involving the DM can arise. [21] investigates DM instabilities
in supernova shock waves, finding that if the SM plasma is strongly magnetised, collective
instabilities involving the DM can be important. In order for this to happen, the effect of
the initial SM magnetic field on the DM trajectories must be significant, and further inves-
tigation would be required to understand whether such instabilities can occur in parameter
space regions which are not already constrained by one-many scattering processes.
9For magnetic instabilities, we are effectively in the small-velocity-anisotropy regime, so the instability
rate should be ∝ R3/2.
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5 Kinetically mixed mediator
Another important class of models are those in which the hidden-sector mediator interacts
with the SM sector. Of these, the simplest have the new vector interacting with a conserved
SM current; interactions with a non-conserved current lead to (energy/vector mass)2–
enhanced rates for production of the vector’s longitudinal mode [64], resulting in more
complicated behaviour, and strong constraints on light vectors [65–67]. The only con-
served currents in the SM are B −L (if neutrinos are Dirac) and EM. Couplings to B −L
result in a long-range fifth force between bulk matter, so we restrict ourselves to an EM
coupling.
If χ does not couple directly to the massless SM photon (i.e. it does not have a mil-
licharge), then the Lagrangian for a ‘dark photon’ mediator is
L ⊃ −1
4
F 2 − 1
4
F ′2 +
1
2
m2A′2 + gA′Jχ + JEM(A+ A′) (5.1)
This is equivalent to the standard ‘kinetic mixing’ interaction through the field redefinition
Aˆ = A+ A′, giving (to leading order in  1)
L ⊃ −1
4
Fˆ 2 − 1
4
F ′2 − 1
2
FˆF ′ +
1
2
m2A′2 + gA′Jχ + JEMAˆ (5.2)
(note the  corrections simply modify the normalisations of these terms, rather than intro-
ducing new ones). Such an interaction can arise through integrating out heavier matter
that couples to both A′ and Aˆ [68].
Another useful field redefinition is to define the ‘active’/‘sterile’ basis, with A˜ = A+A′
the ‘active’ field, and A˜′ = A′ − A the ‘sterile’ field (again, we assume that   1, and
ignore normalisation changes). Then,
L ⊃ −1
4
F 2 − 1
4
F ′2 + JEMA˜+ gJχ(A˜′ + A˜) +
1
2
m2A˜′2 + m2A˜A˜′ +
1
2
2m2A˜2 (5.3)
If m is small compared to the appropriate scales of interest (e.g. the SM plasma mass, as
we will discuss), then the m2 mass-mixing term is small, and SM matter interacts only
with A˜. This illustrates why constraints on a dark photon from SM processes decouple as
m↘ 0 (these constraints are shown in Figure 8).
Kinetically mixed mediators are of considerable theoretical and phenomenological in-
terest [69]. The kinetic mixing interaction can arise from arbitrarily high scales [68], and
is generically present whenever there is charged matter than interacts with the hidden sec-
tor and SM. Phenomenologically, the effectively medium-dependent coupling of the dark
photon to SM matter enables models to access parameter space that would otherwise be
constrained [70]. This latter point will be important for models targeted by low-threshold
DM direct detection experiments, as we discuss in section 5.
5.1 Existing constraints
Some papers in the literature (e.g. [20]) claim that the ‘one-many’ bounds from DM scat-
tering off coherent SM fields, as discussed in section 4, apply in the case of a ‘sufficiently
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Figure 8. Constraints on a dark photon of mass mA′ , possessing a kinetic mixing  with the
SM photon. These constraints do not assume anything about the coupling of DM to the dark
photon, relying only on SM processes (astrophysical constraints are plotted in blue, and laboratory
constraints in red). The constraints come from Jupiter’s magnetic field [71], CMB observations [72],
laboratory tests of Coulomb’s law [73, 74], the CROWS microwave cavity experiment [75], and stellar
cooling bounds [76]. The red dots correspond to the dark photon masses illustrated in Figure 10.
light’ massive dark photon. However, unless the DM interactions directly with the massless
SM photon, the threshold for ‘sufficiently light’ is very small. If the coupling is entirely
through the kinetic mixing term, then we can see from equation 5.1 that χ interacts only
with the massive A′ field, which decays exponentially at distances & m−1 from sources.
Consequently, if an SM magnetic field is sourced by currents on a scale L m−1, then the
corresponding B′ field is suppressed by ∼ (mL)−1 compared to B (since it is dominantly
sourced by currents within a range ∼ m−1). For the galactic magnetic fields considered
in [20], which have coherence length ∼ kpc, this suppression is ∼ 10−11
(
10−15 eV
m
)
, where
the nominal m = 10−15 eV value is small enough to alleviate almost all constraints on 
from SM processes (see Figure 8). This illustrates that ‘small’ masses by particle physics
standards can nevertheless be high enough to very significantly alleviate millicharge-type
constraints.
The 2→ 2 DM-DM scattering constraints for a dark photon mediator can be estimated
from modified versions of the Coulomb scattering calculations in [13, 24]. Since we are most
interested in these constraints for m & ωp/vth, where plasma instabilities are suppressed,
the mediator’s Compton wavelength will be smaller than the Debye length, λD ∼ vth/ωp.
This means that the maximum impact parameter for Coulomb collisions is set by m−1,
rather than λ−1D , so the Coulomb logarithm is reduced compared to the massless mediator
case.10 There are a number of disagreements between [13] and [24] regarding the details of
10In [24], it is claimed that, for a two-species plasma with equal masses and opposite charges, the appro-
priate maximum impact parameter in the Coulomb logarithm is the interparticle spacing n−1/3, rather then
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the Coulomb scattering calculation; we will not attempt to resolve these issues, but will use
the (more conservative) expressions from [24], with a modified Coulomb logarithm. This
gives a relaxation time, through Coulomb collisions, of
τiso =
3
16
√
pi
m3χv
3
α2χρχ
1
log ΛC
(5.4)
where αχ ≡ g2χ/(4pi), and ΛC ' mχv
2
αχmA′
(for ωχ/v . mA′ . mχ/v). To avoid making DM
too collisional, we need τiso . few Gyr in galaxies [24], which gives a bound
g . 2× 10−5
( mχ
MeV
)3/4( 40
log ΛC
)1/4
(5.5)
where we have taken a typical value of the Coulomb logarithm (ΛC will depend on g,mχ
and mA′ , but these effects will not be large). As mentioned in Section 3, it would require
further analysis to determine whether all couplings above this bound are constrained, since
strong enough self-interactions could lead to very complicated behaviour. However, in the
absence of bound state formation (which, in the symmetric DM model we are considering,
would lead to annihilation), it seems likely that frequent collisions would not be compatible
with observations.
5.2 Plasma instabilities
In a situation with no charged SM matter, the growth of plasma instabilties would be
exactly as in the massive-mediator case treated in Section 2. To understand how the
presence of SM matter affects this, we can analyse the coupled equations of motion for
Fourier modes of the vector fields,((
ω2 − k2 0
0 ω2 − k2 −m2
)
−
(
Π Π
Π 2Π
)
−
(
0 0
0 Πχ
))(
A
A′
)
= 0 (5.6)
Here, Π is the self-energy contribution from charged SM matter, while Πχ is from the
DM (for electrostatic oscillations, we can reduce this six-dimensional system to a two-
dimensional one, so that the equations below become scalar equations). For a null eigen-
vector (A,A′), and writing K2 ≡ ω2− k2, we have (K2−Π)A = ΠA′; using this in the A′
equation, we have
(K2 −Π)(K2 −m2 − 2Π−Πχ)A′ = 2Π2A′ (5.7)
where K2 ≡ ω2 − k2. In the DM-only case, we have (K2 −m2 − Πχ)A′ = 0. Using the
ansatz (K2 −m2 −Πχ)A′ = (2Π +G)A′, equation 5.7 becomes
(K2 −Π)GA′ = 2Π2A′ ⇒ GA′ = (K2 −Π)−12Π2A′ (5.8)
λD (in the case of a massless mediator), if n
−1/3 < λD. This does not agree with the results of standard
scattering integrals (e.g. [77]), or analyses of electron-positron plasmas [78]. Conversely, [13] does not take
into account collective effects at all, and takes the maximum impact parameter to be set by the Galactic
radius. For a massless mediator, the Coulomb logarithm will be set by λD, between these two results.
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Figure 9. Longitudinal instability rate for the two-stream velocity distribution from Figure 1, for
DM interacting via a light mediator that is kinetically mixed with the SM photon (Section 5). The
SM plasma distribution is taken to be cold (for simplicity), with a plasma frequency 100 times
that of the DM plasma, and a collision rate of ∼ 10ωp (where ωp is the plasma frequency of the
DM plasma). The different curves show the instability rate for different kinetic mixings. As these
illustrate, the effect of the SM plasma is small, despite its high density and large collision rate.
If the SM charge density is appreciable, and the DM-mediator coupling is g  1, then the
SM plasma self-energy may be much larger than the DM contribution Πχ. If our solution
is a small perturbation of the DM-only case, so K2A′ ' (m2 + Πχ)A′, then Π being much
larger than m2 + Πχ allows us to expand the (K
2 −Π)−1 term in equation 5.8 by treating
K2 as small, giving
(K2 −m2 −Πχ)A′ ' −2
(
K2 +K4Π−1 + . . .
)
A′ (5.9)
The physical intuition behind this is that the SM matter is ‘stiff’, due to its strong coupling
to the photon, and so decouples from the hidden sector dynamics.
In the opposite limit, where Π can be treated as small compared to K2 in equation 5.8,
we obtain
(K2 −m2 −Πχ)A′ ' 2
(
Π + Π2/K2 + . . .
)
A′ (5.10)
Consequently, if Π is small compared to m2 + Πχ, then we again obtain behaviour close
to the DM-only case. Thus, in both of these scenarios, there are modes whose behaviour
is close to the DM-only case. Even when the SM and DM plasma effects are comparable,
we can solve for the behaviour of the combined system (equation 5.6). The upshot of
this analysis is that, in most scenarios, DM-DM plasma instabilities are important in the
same parts of parameter space as they would be if the mediator was not kinetically mixed.
Figure 9 demonstrates this in a particular situation, by showing the instability rate for a
two-stream DM velocity distribution, in the presence of a denser, collisional SM plasma.
This illustrates that, even for fairly large , the main effect is to slightly rescale the single-
mediator instability behaviour, as per equation 5.9.
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Figure 10. Constraints on the effective charge qeff ≡ g of a dark matter particle χ with mass
mχ, coupling to a dark photon of mass mA′ with coupling g, where the dark photon has a kinetic
mixing  with the SM photon. The dark blue shaded region corresponds to existing constraints from
stellar cooling [79], from SN1987A [80], and from the Xenon10 experiment [81, 82]. The ‘freeze-in’
curve corresponds to the qeff required for early-universe production from the SM radiation bath
to produce the correct DM abundance [83, 84]. The SENSEI [85, 86] and GaAs [87, 88] lines
correspond to projected sensitivites for future dark matter direct detection experiments. The light
blue shaded regions correspond to parameter space in which 2→ 2 Coulomb scattering would have
a significant effect in galactic halos (Section 5.1). The orange regions correspond to parameter
space in which dark-sector plasma instabilities would undergo significant exponential growth in
astrophysical systems, as discussed in Sections 3 and 5. The different panels correspond to different
dark photon masses; for each dark photon mass, the largest kinetic mixing parameter  consistent
with SM constraints is assumed (illustrated in Figure 8), allowing the smallest g for a given qeff . We
can see that, while the smaller g permitted by smaller mA′ relaxes the 2→ 2 scattering constraints,
the lighter mediator mass promotes plasma instabilities.
5.3 Dark matter parameter space
For a direct detection experiment, if m ωp in the target material (or m L−1, where L
is the scale of the conductive shielding around the experiment, etc), then the interactions
of a DM particle with the target can be treated as occurring via the ‘active’ A˜ state
(equation 5.3). Consequently, the DM scatters as if it had an effective charge qeff = g.
Processes such as the production of χ¯χ pairs in stars, and in the early universe, also
scale with g, so the effective DM parameter space, for given mA′ , is the (mχ, qeff) plane,
illustrated in the plots of Figure 10.
For a given scattering cross section (set by qeff), we can decrease the required g by
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increasing . A major difference between a kinetically mixed mediator and others (such
as B − L mediator, or a scalar), is that we can increase the SM coupling  all the way up
to O(1) by taking mA′ small enough; as discussed above, the constraints on  from SM
processes decouple as m↘ 0. These constraints are shown in Figure 8; for mA′ . 10−16 eV,
 ∼ O(1) is allowed. Consequently, the 2 → 2 DM-DM scattering constraints discussed
in Section 5.1, which are only weakly dependent on mA′ , can be significantly relaxed, to
the point where they do not constrain parameter space. This is illustrated quantitatively
in Figure 10, where the different panels shows the effect of decreasing mA′ and increasing
. As noted in Section 5.1, while the mA′ required are small on particle physics scales,
they are still significantly larger than the inverse length scales of astrophysical magnetic
fields, so such models evade millicharge-type constraints. For other light mediators, strong
constraints on the SM coupling from e.g. stellar cooling, or fifth force tests, significantly
reduce the maximum allowed scattering cross-section in laboratory experiments. This
generally results in near-term experiments having no realistic prospects of detecting such
DM models, at least for DM masses . 10 MeV [70].
However, since we must go to rather small mA′ to open up this parameter space,
this raises the possibility that coherent DM-DM scattering processes become important.
Figure 10 also shows the parameter space regions in which plasma instabilities will start
growing in astrophysical systems. Unlike the 2 → 2 scattering bounds, the enhancement
of instabilities due to decreased mA′ compensates for the increased  that is possible, and
much of the low-mass target range is within the plasma instability region, even for  ∼ O(1).
In particular, the ‘freeze-in’ cross section [83, 84], for which thermal production of χ from
the SM radiation bath is sufficient to produce the whole DM abundance, is within this
regime up to O(10) MeV. Conversely, when mA′ is large enough that plasma instabilities
would be unimportant, then  is constrained to be small, and the Coulomb scattering
bounds constrain much of the target parameter space for proposed light DM detection
experiments.
As we discussed in section 3, these plasma instability regions should not be viewed as
observationally constrained, since it is logically possible that the growth of perturbations
does not lead to observable effects. However, our calculations do motivate more careful
investigations into whether these regions of parameter space are astrophysically viable. Of
course, even if it turns out that such particles cannot be all of the dark matter, it is possible
that O(10%) of the DM mass density is strongly collisional [70]. To predict the signals of
such subcomponent models at DM detection experiments, the effects of this collisionality
on the DM distribution at Earth would need to be taken into account.
6 Light bosonic DM
In our discussions so far, we have assumed that dark matter can be treated as point parti-
cles, with some interparticle separation ∼ n−1/3. However, when the de Broglie wavelength
of of the DM becomes comparable to n−1/3, i.e. the occupation number becomes & 1, this
picture breaks down. For DM in the vicinity of the Earth, this occurs at mDM . eV.
While most experiments searching for DM scattering do not cover such small masses, some
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types of experiments [89] and astrophysical observations [90] may have sensitivity there,
and in any case, understanding the behaviour is of theoretical interest.
In the mDM  eV regime, we can treat the (necessarily bosonic) DM as a large occupa-
tion number classical field. If, before structure formation, the particle and antiparticle fields
have some independent perturbations11, then (ignoring non-gravitational interactions) the
virialization process will result in them becoming effectively independent Gaussian random
fields in halos, with characteristic wavelength λB ∼ 1/(mDMv). If we consider a particular
spatial point, then the amplitude of the particle field will generically be O(1) different
from that of the antiparticle field. Supposing that the amplitude of the particle field is
larger, then there is a net positive charge density over a spatial scale ∼ λB. In charge
density terms, the particle and antiparticle fields result in an array of charged ‘blobs’, each
of typical size ∼ λB, and typical charge ∼ ±nDMλ3B.
If λB is significantly smaller than the wavelength of perturbations that would grow in
a uniform plasma, then the smooth approximations that we used above will be valid (c.f.
the discussion around equation 2.12). If not, then a modified treatment would be required.
For a two-stream velocity distribution, and a light mediator, the wavenumber of the most
unstable perturbations is k ∼ ωp/v, so at the threshold coupling from equation 3.2, and
taking the nominal cluster collision parameters from Section 3,
λB  k−1 ⇔ (6.1)
mDM  (g/mDM)ρ
1/2
v2
∼ 10−24 eV
( ρ
0.1 GeV cm−3
)1/2( g/mDM
10−16 GeV−1
)(
3000 km s−1
v
)2
Bearing in mind that the DM mass must be & 10−21 eV to be compatible with small scale
structure observations [91], we see that for a light enough mediator, significantly above-
threshold couplings would be required to affect the plasma instability behaviour. For a
heavier mediator, the perturbation wavenumber near the coupling threshold is k ∼ mA′ ,
so we need mDM  mA′/v there for the smooth plasma description to be accurate.
For a heavy enough mediator and small enough coupling, plasma instabilities will be
suppressed. However, ‘collisional’ effects on the plasma evolution will still exist, and will
no longer be well modelled as 2→ 2 Coulomb collisions. Instead, ‘blob-blob’ collisions will
occur coherently (this is in direct analogy to the picture of gravitational relaxation for light
bosonic DM [91–93]). Treating scattering off a blob via standard scattering theory [94],
the scattering rate (for a single DM particle) will be parametrically set by
Γ ∼ σvnB ∼ g
4N2B
16pim2DMv
4
vnB log ΛC ∼ log ΛC
16pi
g4ρ2
m7DMv
6
(6.2)
where NB ∼ nDMλ3B is the number of particles in a blob, nB ∼ λ−3B is the number density of
blobs, and log ΛC indicates the appropriate Coulomb logarithm. This form will be valid if
11for example, as would arise from inflationary isocurvature fluctuations, or from small-scale fluctuations
arising from a phase transition production mechanism. We leave the question of how large such fluctuations
need to be for future work.
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mA′ . mDMv, so that the mediator is long-range compared to the blob size.12 Equation 6.2
has the same density and velocity dependence as for gravitational relaxation of light bosonic
DM, but differs from the 2 → 2 Coulomb collisions rate (equation 5.4), which may result
in stronger constraints than the latter at small mDM.
As an example, we can consider parameters motivated by the experiment proposed
in [89]. If we take mDM = 10
−4 eV, so that the de Broglie wavelength is not larger than
the detector, and mA′ = 10
−7 eV, giving a mediator range on the same scale, then for
g . 5×10−14, astrophysical plasma instabilities are suppressed (according to our estimates
in Section 3). If we naively applied the 2→ 2 Coulomb constraints from Section 5.1, these
would give g . 6× 10−13. However, if we take the estimate of the coherent scattering rate
from equation 6.2, and set Γ ∼ 1/Gyr as a rough constraint, this would give
g . 4× 10−17
(
GeV cm−3
ρ
)1/2 ( v
10−3
)3/2
(6.5)
Consequently, the coherence-enhanced scattering rate is more significant than plasma in-
stabilities in this regime, and potentially more constraining than a naive application of the
2→ 2 Coulomb scattering bounds.
Despite these rates, it is unclear whether coherent scattering processes of these kinds
will provide observational constraints. One issue is that, if the scatterings drive the particle
and antiparticle fields towards identical spatial profiles, then we will no longer have charged
blobs. Consequently, it is not obvious whether the scattering process will saturate before
it has observable effects on halo shapes.
For light enough mediators (mA′ . mDMv2), it would also be necessary to check
whether coherent emission of the mediator is ever important. While particle-antiparticle
annihilation to the mediator is possible when 2mDM ≥ mA′ , the rate of this process is ∝ g4,
so would likely be unimportant (there will be a rate ∝ g2 from ‘off-shell’ parts of the DM
field’s wavefunction, due to it being bound in a gravitational potential, but these will be
extremely small in a typical halo).
These caveats illustrate that more investigation would be needed to understand the
observational consequences of light bosonic DM interacting via a light vector mediator.
However, our estimates in this section do suggest that coherent effects may be important
in new regions of parameter space.
12 If the mediator is short-range compared to the de Broglie wavelength, then the behaviour will be as
per a contact interaction, giving
Γ ∼ 1
16pi
g4ρ2
m4A′m
3v2
(6.3)
(the constant factor here should be not taken seriously). Similar parametric behaviour would occur for e.g.
a scalar of mass m interacting via a quartic interaction λϕ4, which would give
Γ ∼ 1
16pi
λ2ρ2
m7v2
∼ 1
16pi
ρ2
f4m3v2
(6.4)
where we have used the usual scaling of the quartic coupling λ ∼ m2/f2 in terms of the symmetry breaking
scale f , for a potential arising from high-scale breaking of a shift symmetry. This matches the parametric
relaxation timescale from [95, 96].
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7 Conclusions
As we have emphasised throughout, the goal of our paper has not been to constrain models
of self-interacting DM, but to map out parameter space regions in which long-range coher-
ent self-interactions may be important. The obvious follow-on would be to more carefully
investigate the physics of these models, and to determine whether they are observationally
constrained. One of the most important models is the kinetically mixed mediator scenario,
for which it would be very interesting to determine whether the models being targeted by
proposed DM direct detection experiments [85, 87, 89, 97–99] are astrophysically viable.
Even for purely hidden-sector interactions, such investigations may be quite compli-
cated. In principle, one would like to start from the very early universe (e.g. from when
the DM was produced) and track the DM’s evolution until today. Without this, one would
not know the initial DM distribution in scenarios such as cluster mergers, so unless one
could demonstrate that all observationally-acceptable initial conditions behave in a certain
way, relating the model to observations would be difficult. Of course, in practice, it would
hopefully be possible to make significant approximations, e.g. that self-interactions have
negligible effects before a certain point, or conversely, that they effectively thermalise the
distribution. SM plasma behaviour may provide some guide, at least in the regime of a
light mediator and strong coupling.
As well as understanding the constraints that could be obtained from plasma insta-
bilities, it would be useful to understand the observational signatures that could arise, in
models with a coupling that is just large enough. In particular, understanding the re-
lationships between observational signatures in different astrophysical systems would be
important. For DM that is not super-heavy, such threshold-level couplings would need to
be extremely small — however, there are potential theoretical reasons why such couplings
might arise [100].
There are many dark matter models which feature long-range vector mediators, beyond
the simple examples we have considered. The most obvious examples are models with
additional species, having different charges and/or masses [5, 23] (such as the proton and
electron in the SM). If most of the present-day dark matter is ionized (i.e. consists of
isolated charged particles), then analogues of the plasma calculations we have carried out
here will apply, though the presence of different-mass species will change the behaviour in
potentially-interesting ways (c.f. ion effects in SM plasmas). On the other hand, if dark
matter is dominantly in the form of overall-neutral bound states (‘dark atoms’), then the
interactions between these will be effectively short-ranged, and will not give rise to plasma
instabilities.
As mentioned in Section 3, it may be observationally viable for a ∼ O(10%) subcom-
ponent of DM to be strongly self-interacting [70]. At the threshold of viability, there may
be interesting observational effects of long-range interactions in such a subcomponent. In
section 1.2, we briefly reviewed [18, 19, 101], which simulated the dynamics of a DM sub-
component interacting via a massless hidden-sector mediator. Other questions, including
the DM distribution at Earth of a subcomponent [26], would also be interesting to consider,
and relevant to the direct detection phenomenology of such a subcomponent.
– 33 –
Acknowledgments
We acknowledge helpful conversations with Prateek Agrawal, Asimina Arvanitaki, Daniel
Egana-Ugrinovic, Peter Graham, Tongyan Lin, and Julian Munoz, and thank Jung-Tsung
Li and Tongyan Lin for comments on a draft of this paper.
A Maxwellian velocity distribution
Virialised DM halos are expected to have approximately Maxwellian velocity dispersions,
and the dispersion relations for these can be treated analytically. For a Maxwellian velocity
distribution
f(v) =
1
(2piσ2)3/2
e−v
2/(2σ2) (A.1)
we have
ΠA =
−ω2p ω√2kσZ ( ω√2kσ) 0
0 −(ω2 − k2) ω2p
k2σ2
ω√
2σk
(
Z
(
ω√
2kσ
)
+
√
2kσω
)(A⊥
A‖
)
(A.2)
where Z is the plasma dispersion function [29]. This gives the usual small-k expansion of
the non-relativistic dispersion relations [31]. To find the response function for a velocity
distribution with non-zero mean velocity, we can we perform the appropriate Lorentz boost.
Another relevant limit of the Maxwellian self-energy is the ω → 0 limit, for which we
have
ΠA→
(
0 0
0 ω2p/σ
2
)(
A⊥
A‖
)
(A.3)
This shows that static magnetic fields are not screened, while electric fields are screened
over the Debye length scale λD ∼ (ωp/σ)−1.
B Penrose stability criteria
In this appendix, we review the Penrose stability criteria [32] for electrostatic plasma
oscillations, and extend them to the case of a massive vector mediator.
From section 2.2, the dispersion relation for an electrostatic perturbation is
(c2k2 + c4m2) ' c2
∑
s
q2s
ms
∫
d3v
k · ∂vfs
k · v − ω (B.1)
Considering a single species for simplicity (or equivalently, symmetric positive and negative
charges), we can define vk = kˆ · v, and g(vk) =
∫
d2v⊥f(v)/n, where v⊥ is the velocity
component perpendicular to k (so
∫
dvkg(vk) = 1). Then, we have
(k2 +m2c2) ' ω2p
∫
dvk
g′(vk)
vk − ω/k (B.2)
where ω2p =
∑
s q
2
sns/ms. If we define G(u) ≡
∫
dvk
g′(vk)
vk−u , then the dispersion relation is
G(ω/k) = (k2 +m2c2)/ω2p. If there is a solution where ω has positive imaginary part, then
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Figure 11. Normalised longitudinal self-energy for a two-Gaussian-stream velocity distribution,
evaluated at zero phase velocity (see equation B.4). As discussed in appendix B, this function is
related to the existence of unstable longitudinal modes.
that mode will be unstable to growth. For a massless mediator, it can be shown that the
existence of such a growing mode is equivalent to there existing some real u for which G(u)
is real and ≥ 0 (effectively, if there are growing modes, then there must be a marginally
stable mode).
Since
G(u+ i0+) = P
∫
dvk
g′(vk)
vk − u + ipig
′(u) (B.3)
to have G(u) ≥ 0, we need g′(u) = 0. For the example of a symmetric ‘two-stream’ velocity
distribution, where each stream is Maxwellian with velocity distribution σ, and the closing
velocity is 2v, we have
G(0 + i0+) =
−1 + 2 v√
2σ
D
(
v√
2σ
)
σ2
(B.4)
where D is the Dawson integral [102]. This function is is plotted in Figure 11. For a
massless mediator, an unstable mode exists if G(0 + i0+) ≥ 0, which is true for v & 1.3σ.
For a massive mediator, the dispersion relation is
k2 + c2m2
ω2p
= G(ω/k) (B.5)
By the same logic as in the massless case, an instability exists if there is some real u for
which G(u)−c2m2/ω2p is real and non-negative. From Figure 11, we can see that this will be
true only for some bounded range of v/σ, if at all. If m2c2/ω2p ≥ maxG(0 + i0+) ' 0.3/σ2,
then there are no solutions, and consequently no instability. In terms of the notation in
Section 2.2, where ωp labelled the plasma frequency for each stream, rather than for both
streams, we need m2c2/(2ω2p) ≥ G(0 + i0+).
Less symmetric velocity distributions are also of interest. An example is the case of
a dense, low-velocity-dispersion stream passing through a lower-density, higher-velocity-
dispersion stream — the ‘beam-plasma’ scenario discussed in Section 2.2.1. This kind of
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Figure 12. Velocity distribution for a ‘beam-plasma’ scenario, in which the beam velocity disper-
sion is σs = 1, the beam velocity is vs = 1, the plasma velocity dispersion is σp = 0.1, and the
density ratio is R = 0.1. The blue curve shows the velocity distribution of the ‘plasma’ stream, the
orange curve that of the ‘beam’, and the dotted curve the combined velocity distribution.
velocity distribution is illustrated in Figure 12. If both of the streams have Maxwellian
velocity distributions, and we take the denser stream to be at rest, so
g(vk) ' 1√
2piσ2p
e−v
2
k/(2σ
2
p) +
R√
2piσ2s
e−(vk−vs)
2/(2σ2s) (B.6)
with R 1, then the u for which g′(u) = 0 satisfies
u2 ' 2σ2p log
uσ3s
vsσ3pR
+ v2s
σ2p
σ2s
(B.7)
(where we have assumed that vs  v, which is true if σs  σp). If the beam velocity
distribution is broad, so vs ∼ σs, then we have u ∼ Cσp, where C is at most logarithmically
large. The integral for G(u+ i0+) is then dominated by the ‘plasma’ peak near the origin,
which (via integration by parts) is
G(u+ i0+) = P
∫
dvk
g′(vk)
vk − u =
∫
dvk
g(vk)− g(u)
(vk − u)2 '
1
u2
∼ 1
C2σ2p
(B.8)
Consequently, for a massive mediator, an instability exists if
G(u+ i0+) ≥ m
2c2
ω2p
⇔ m2 . ω
2
p
C2σ2p
(B.9)
for some C ∼ O(10).
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